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ABSTRACT 

T h i s  paper  deals with the  s t a t i s t i c a l  d i s t r i b u t i o n  of t h e  

f i r s t - o c c u r r e n c e  and f i r s t - r e c u r r e n c e  times o f  t h e  c r o s s i n g  of 

a g iven  l e v e l  i n  a cont tnuous  random p r o c e s s .  Approximate 

forms of t he  f i r s t - o c c u r r e n c e  and f i r s t - r e c u r r e n c e  time d e n s i t i e s  

are found by c o n s i d e r i n g  the  s u c c e s s i v e  c r o s s i n g s  t o  form a 

renewal p r o c e s s .  A r e l a t i v e l y  simple e x p o n e n t i a l  d i s t r i b u t i o n  

Is found t o  give an a p p r o p r i a t e  r e p r e s e n t a t i o n  of  t h e  l i m i t i n g  

case when t h e  c r o s s i n g s  of t h e  l e v e l  under  c o n s i d e r a t i o n  are 

s t a t i s t i c a l l y  rare e v e n t s ,  Numerical  examples  are worked o u t  

f o r  some s t a t i o n a r y  Gaussian p r o c e s s e s .  The work r e p o r t e d  here 

i s  o f  use  i n  e v a l u a t i n g  s u r v i v a l  p r a b a b f l t t f e s  for randomly 

8 

e x c i t e d  mechanica l  sys t ems  upon occzrbrence 

of a s u f f i c i e n t l y  h i g h  load. 
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I n ' t r o d u c t i o n  

A mechanical  s y s t e m  s u b j e c t e d  t o  a random l o a d i n g  may f a i l  

when t h e  stress i n  a c r i t i c a l  member r eaches  a s u f f i c i e n t l y  h igh  

level .  T h i s  t y p e  of f a i l u r e  i s  g e n e r a l l y  by f r a c t u r e  o r  by 

e x c e s s i v e  permanent deformat ion  r e n d e r i n g  t h e  s y s t e m  i n o p e r a t i v e  . 
I f  t he  stress has a f i n i t e  p r o b a b i l i t y  of  exceed ing  the h i g h  

l e v e l ,  t h e n  f a i l u r e  i s  p o s s i b l e ,  and an i m p o r t a n t  problem i s  t o  

f i n d  t h e  p r o b a b i l i t y  t h a t  the  s y s t e m  can o p e r a t e  wi thou t  f a i l u r e  

f o r  some g iven  t i m e .  

More p rec i se ly ,  t h e  fo l lowing  problem i s  t o  be cons ide red .  

Given a con t inuous  and d i f f e r e n t i a b l e  random f u n c t i o n  x (  t )  , one 

wishes t o  f i n d  the p r o b a b i l i t y  t h a t  t he  v a l u e  x = a w i l l  no t  be 

exceeded  i n  t h e  t i m e  i n t e r v a l  ( 0 ,  t ) .  T h i s  problem i s  c a l l e d  

the  f i r s t - o c c u r r e n c e  t i m e  problem and t h e  p r o b a b i l i t y  d e n s i t y  

p o ( a ,  t) i s  the first-occurrence d e n s i t y :  i n  t h e  s e n s e  t h a t  

p o ( a ,  t ) d t  i s  t h e  p r o b a b i l i t y ,  g iven  x ( 0 )  < a ,  t h a t  x ( t )  f irst  

c r o s s e s  t h e  l e v e l  x - a i n  the time i n t e r v a l  ( t ,  t + d t ) .  I f  

f a i l u r e  i s  d e f i n e d  as the first exceedance of x = 0 ,  t h e  proba- 

b i l i t y  

o f  t he  f i r s t - o c c u r r e n c e  d e n s i t y ,  p o ( Q ,  t ) .  The p r o b a b i l i t y  o f  

f a i l u r e  i n  (0, T )  is un i ty  i f  x ( 0 )  > a,  and t h e  p r o b a b i l i t y  of 

f a i l u r e  i n  ( 0 ,  T) is  1, p o ( a ,  t ) d t  if X ( 0 )  

is  t h e  p r o b a b i l i t y  t h a t  X ( 0 )  > 0,  

of f a i l u r e ,  P f ( a ,  T ) ,  i n  t i m e  T may be e x p r e s s e d  i n  terms 

T a .  Thus ,  where 
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For s t a t i o n a r y  p r o c e s s e s  t h e  f i r s t - o c c u r r e n c e  t i m e  d e n s i t y  

i s  c l o s e l y  re la ted t o  t h e  f i r s t - r e c u r r e n c e  time p r o b a b i l i t y  

d e n s i t y ,  p r ( Q ,  f), where p r ( a ,  T ) d T  i s  t h e  p r o b a b i l i t y ,  g i v e n  

x ( t , )  = a and ; ( t o )  e 0 ,  t h a t  t h e  n e x t  c r o s s i n g  of x = a o c c u r s  

i n  t h e  time i n t e r v a l  ( t o  + i , t O  + T + d r ) .  

d e n s i t y  f o r  t h e  time between s u c c e s s i v e  downward and upward 

c r o s s i n g s  o f  x = a ,  To show the  r e l a t i o n  between t h e  f i r s t - o c c u r -  

r e n c e  and f i r s t - r e c u r r e n c e  d e n s i t i e s ,  c o n s i d e r  a s t a t i o n a r y  

random f u n c t i o n  x ( t )  and suppose t h a t  x ( 0 )  < a .  With r e f e r e n c e  t o  

f i g u r e  1, t h e  time t a t  which x = a i s  f i rs t  c r o s s e d  i s  t h e  first- 

o c c u r r e n c e  t i m e ,  S i n c e  i t  i s  g i v e n  t h a t  x ( 0 )  < a ,  t h e  o r i g i n  t = 0 

Thus p r ( a ,  T) i s  t h e  

f a l l s  i n  a time i n t e r v a l  between a downward and a n  upward c r o s s i n g  

of  X = a ,  R e f e r r i n g  a g a i n  t o  f i g u r e  1, t h i s  i n t e r v a l  h a s  d u r a t i o n  

T, where T i s  a f i r s t - r e c u r r e n c e  t ime,  The p r o b a b i l i t y  d e n s i t y  

f o r  the f i r s t - o c c u r r e n c e  time may be w r i t t e n ,  by t he  law of condi- 

t i o n a l  p r o b a b i l i t y ,  as 

P o b ,  

where p o ( a ,  t l i )  i s  t h e  f i r s t - o c c u r r e n c e  time d e n s i t y ,  g i v e n  t h a t  

t h e  r e c u r r e n c e  time i n t e r v a l  I n c l u d i n g  the  o r i g i n  i s  o f  d u r a t i o n  

T ,  and where q ( a ,  T ) ~ T  i s  t h e  p r o b a b i l i t y  t h a t  t h e  r e c u r r e n c e  time 

I n t e r v a l  i n c l u d i n g  the  o r i g i n  has a d u r a t i o n  between T and T + d r ,  

Changing the  p o i n t  o f  view s l i g h t l y ,  c o n s i d e r  t h e  random 
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p r o c e s s  of f i g u r e  1 as a f i x e d  cu rve  and suppose  t h e  t ime a x i s  i s  

a t t a c h e d  t o  t he  cu rve  s o  t h a t  t h e  o r i g i n  t = 0 has uni form proba-  

b i l i t y  o f  f a l l i n g  a t  any p o i n t  where x i s  l e s s  t h a n  a ,  Then i f  

i t  is g i v e n  t h a t  t - 0 f a l l s  i n  an i n t e r v a l  of l e n g t h  7 ,  t h e  

l o c a t i o n  o f  t he  p o i n t  t = 0 i s  un i fo rmly  d i s t r i b u t e d  on t h e  

i n t e r v a l  T ,  and t h e  time t t o  t h e  end  o f  t he  i n t e r v a l  T ( t h a t  is, 

Thus t h e  f i r s t - o c c u r r e n c e  t ime) h a s  a l s o  uni form d i s t r i b u t i o n ,  

i f  t 

i f  t 

The q u a n t i t y  q ( a ,  T ) d T  As t h e  f r ac t  on o f  "&&e time a x i s  ( 

( 3 )  

o r  

which X a )  t a k e n  up by r e c u r r e n c e  i n t e r v a l s  between T and 

T + d i ,  

t h e  d u r a t i o n  o f  each such  i n t e r v a l  Is T, q ( a ,  T )  i s  p r o p o r t i o n a l  t o  

i p r ( a ,  T), Normal iz ing ,  

The f r a c t i o n  of  such i n t e r v a l s  Is p,(a ,  T ) ~ T  and,  s i n c e  

where 7 i s  t he  mean r ecu r rence  time ( o r  t h e  ave rage  t i m e  between 

s u c c e s s i v e  downward and upward c r o s s i n g s  of x = a ) ,  I n s e r t i n g  

( 3 )  and (4) i n  (21 ,  t h e  r e l a t i o n  between t h e  f i r s t - o c c u r r e n c e  

and f i rs t  - r e c u r r e n c e  d e n s i t i e s  be  comes 
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There i s  a s i m p l e  r e l a t i o n  between moments of p o ( a ,  t )  and 

p , (a ,  1 ) .  By d i r e c t  c a l c u l a t i o n  

It I s  i n t e r e s t i n g  t o  note  the  forms of  p o ( a ,  t )  and p,(a ,  T )  

f o r  a random p r o c e s s  i n  which  t h e  p r o b a b i l i t y  of  an upward 

c r o s s i n g  of X = a i s  independent  of t h e  past h i s t o r y  o f  t h e  

p r o c e s s ,  

merely by  b e i n g  c o n d i t i o n e d  on d i f f e r e n t  p a s t  e v e n t s  which are 

here i r r e l e v a n t ,  I n  t h i s  case ( 5 )  becomes a s i m p l e  i n t e g r a l  

e q u a t i o n  w i t h  t h e  readi ly  v e r i f i e d  s o l u t i o n  p o ( a ,  t )  = p, (a ,  t )  = 

- exp (-t/?), 

I n  t h i s  case p o ( a ,  t )  = p r ( a ,  t )  s i n c e  these d i f f e r  

1 - 
1 

+ The e x p e c t e d  number of upward c r o s s i n g s ,  N a ,  of x = a p e r  

u n i t  time appears f r e q u e n t l y  i n  t h e  work t o  fo l low.  T h i s  i s  g iven  

i n  C l ]  as 

where t?&(u, v ;  t )  i s  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  of x ( t )  and 



- 5 -  

. 
x ( t ) ,  r e p r e s e n t e d  r e s p e c t i v e l y  by u and v,  

a r y  p r o c e s s e s  N a ( t )  i s  independent  of t ,  and i n  such  cases the  

n o t a t i o n  N', w i l l  b e  used.  

C l e a r l y ,  f o r  s t a t i o n -  
+ 

The s o l u t i o n  of f i r s t - o c c u r r e n c e  and f i r s t - r e c u r r e n c e  

problems i s  a ra ther  d i f f i c u l t  matter, and a t r a c t a b l e  e x a c t  

s o l u t i o n  i s  known [ 2 1  on ly  when x ( t )  is a Markov p r o c e s s .  

Apparent ly ,  work done t o  da te  on occur rence  and r e c u r r e n c e  

problems f o r  non-Markov p r o c e s s e s  has deal t  p r i m a r i l y  w i t h  t h e  

d e t e r m i n a t i o n  of t h e  i n t e r v a l  d i s t r i b u t i o n  between s u c c e s s i v e  

z e r o  ( o r  mean) c r o s s i n g s ,  O f  p a r t i c u l a r  i n t e r e s t  i s  t h e  work 

i n  [ 3 ]  and t h e  approximations deve loped  i n  [l], C41, and i n  [ 5 ]  

which a l s o  c o n t a i n s  a comparison of t h e  r e s u l t s  o f  s e v e r a l  inves-  

t i g a t o r s ,  The t e c h n i q u e  used i n  t h e  n e x t  s e c t i o n  t o  s o l v e  approx- 

i m a t e l y  f o r  t h e  r e c u r r e n c e  d e n s i t y  p r ( a ,  T) i s  s imi la r  t o  t h e  

t e c h n i q u e  of [4] f o r  t h e  zero c r o s s i n g  problem, The method of  

i n c l u s i o n  and e x c l u s i o n  may b e  used t o  write an  e x a c t  e x p r e s s i o n  

f o r  p r ( a ,  1) which,  w h i l e  be ing  u n t r a c t a b l e ,  does however s e r v e  

as a s t a r t i n g  p o i n t  f o r  the  approximatiort  of t h e  n e x t  s e c t i o n s .  

Fo l lowing  t h e  g e n e r a l  development g i v e n  i n  C6] f o r  f irst-passage 

times , 

( a ,  r ,  s ,  ~ ) d s  d r  T T  
+ M r  P+++I -  
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+ e a r . ,  

where p++ 

p r o b a b i l i t y ,  given a downward c r o s s i n g  of x = a at t = 0 ,  t h a t  

upward c r o s s i n g s  of x = a occur In t h e  time I n t e r v a l s  ( r ,  r t d r ) ,  

(a, r, S, * . * ,  W, T) d r  d s  ... dw dr  I s  t h e  
a . a + +  I - 

( 9 ,  s + d s ) ,  e * * ,  (W, W + dw), and (1, T + dT > e  
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Renewal P r o c e s s  Approximation 

The c a l c u l a t i o n  o f  terms beyond t h e  f irst  i n  t h e  e x a c t  

e x p r e s s i o n  ( 8 )  above f o r  t h e  f i r s t - r e c u r r e n c e  time d e n s i t y ,  

p , (a ,  T), i s  p r o h i b i t i v e l y  d i f f i c u l t  and i n d e e d  t h e  c a l c u l a t i o n  

of t h e  g e n e r a l  term i s  imposs ib l e  e x c e p t  f o r  t h e  most t r i v i a l  o f  

random p r o c e s s e s ,  Thus an approximat ion  must b e  c o n s t r u c t e d  

which y i e l d s  a t r ac t ab le  resu l t  f o r  p r ( a B  T I ,  
of T t h e  f i rs t  term i n  t h e  s e r i e s  s u f f i c e s  as a l l  remain ing  terms 

are small, But f o r  l a rger  va lues  o f  T t h i s  method i s  q u i t e  

i n a d e q u a t e ,  and a n  approximation v a l i d  f o r  a l l  t ime must be  found,  

The p rocedure  t o  be  used here c o n s i s t s  o f  c o n s i d e r i n g  t h e  c r o s s i n g s  

o f  x = a t o  form a r enewa l  p r o c e s s .  That  i s ,  w e  approximate t h e  

p r o b a b i l i t y  o f  an upward c r o s s i n g  o f  x = a B  g i v e n  s e v e r a l  pas t  

upward c r o s s i n g s  and the  downward C r o s s i n g  a t  t = 0 ,  by t h e  pro- 

For  small v a l u e s  

~~~~~~~y cf 22 = ; 3 y ~ y t  ~~~=~~~~ =? = =, d t r c i n  cnl5r +he l n s t .  n r l n y  

upward c r o s s i n g .  When x ( t )  is a s t a t i o n a r y  p r o c e s s  (as w i l l  b e  

assumed th roughou t  t h i s  s e c t i o n )  t h e  renewal  approximat ion  r e s u l t s  

i n  a c o n s i d e r a b l e  s i m p l i f i c a t i o n  of ( 8 1 ,  F u r t h e r ,  i t  seems 

i n t u i t i v e l y  c l ea r  t h a t  f o r  large a ,  when the upward c r o s s i n g s  o f  

x = a are on t h e  ave rage  widely spaced i n  t i m e  as compared t o  t h e  

a v e r a g e  time between mean c r o s s i n g s ,  t h e  p r o b a b i l i t y  o f  an upward 

c r o s s i n g  s h o u l d  depend almost e x c l u s i v e l y  on t h e  l a s t  p r i o r  g i v e n  

upward c r o s s i n g .  

Upon making t h e  renewal approx ima t ion  t h e  v a r i o u s  i n t e g r a n d s  

of e q u a t i o n  ( 8 )  become 
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* 
. *  (9) 

where p 

c r o s s i n g s  of x = a i n  ( t ,  t t d t )  , g iven  r e - s p e c t i v e l y  a downward 

c r o s s i n g  o f  x = a a t  t = 0 and an  upward c r o s s i n g  of x = a a t  

t = 0 ,  I n  view of (9) t h e  i n c l u s i o n - e x c l u s i o n  fo rmula  ( 8 )  f o r  

( a , t ) d t  and p+ 1+(a ,  t ) d t  are p r o b a b i l i t i e s  o f  upward + I- 

P r ( a ,  T) becomes 

Due t o  t h e  renewal  p r o c e s s  approximat ion  a l l  o f  t h e  i n t e g r a l s  

a p p e a r i n g  i n  ( 1 0 )  are convo lu t ion  i n t e g r a l s .  Tlius t h e  Laplace  

t r a n s f o r m  of any m u l t i p l e  in tegra l  a p p e a r i n g  above is t h e  p roduc t  

of the Laplace t r a n s f o r m s  of the  f u n c t i o n s  i n  t h e  i n t e g r a n d ,  
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I n t r o d u c i n g  t h e  t r a n s f o r m s  through t h e  n o t a t i o n  f ( a  , s )  = 
/;p(a, T I  e - S T  d T ,  one h a s  

0 

o r  

M u l t i p l y i n g  b o t h  s ides  c f  t h e  above e q u a t i o n  by t h e  denominator  

of t h e  r i g h t - h a n d  s ide  , i n v e r t i n g  t h e  t r a n s f o r m  and remembering 

t ha t  a p r o d u c t  o f  t r ans fo rms  i n v e r t s  i n t o  a c o n v o l u t i o n  i n t e g r a l ,  

one o b t a i n s  

E q u a t i o n  ( 1 2 )  h a s  a very  s imple i n t e r p r e t a t i o n  and c o u l d  b e  

w r i t t e n  down immediately,  I n  words , g iven  a downward c r o s s i n g  

of x = a a t  t = 0 ,  t h e  p r o b a b i l i t y  of an  upward c r o s s i n g  i n  

( T ,  r+dK ) i s  t h e  sum of  t h e  p r o b a b i l i t y  t h a t  t h e  f i rs t  c r o s s i n g  

o c c u r s  i n  ( T ,  T + d T  ) and t h e  p r o b a b i l i t y  t h a t  the  f i r s t  c r o s s i n g  

o c c u r s  f o r  t < T  w i t h  a l a t e r  upward c r o s s i n g  i n  ( T ,  T + d T )  , 

A p p l i c a t i o n  o f  t h e  above e q u a t i o n s  t o  p a r t i c u l a r  s t a t i o n a r y  



random p r o c e s s e s  r e q u i r e s  a knowledge o f  p 

These may be e x p r e s s e d  in terms o f  t h e  j o i n t  d e n s i t y  of x ( t )  and 

i t s  f i r s t  d e r i v a t i v e  a t  t imes t = 0 and t - T ,  

b e  t h e  j o i n t  p r o b a b i l i t y  dens i ty  of  ~ ( 0 1 ,  x (O) ,  x ( T ) ,  and X ( T )  

which are r e p r e s e n t e d  by u ,  v ,  u', and v '  r e s p e c t i v e l y ,  The 

p r o b a b i l i t y  of a downward ( o r  upward) c r o s s i n g  of  x = a i n  a time 

i n t e r v a l  d t  i s  N i d t  where N: i s  [ 7 ]  t h e  e x p e c t e d  number of upward 

c r o s s i n g s  of x = a p e r  u n i t  t i m e ,  Thus t h e  j o i n t  p r o b a b i l i t y  of 

a downward c r o s s i n g  of  x - a 'n an i n t e r v a l  d t  a t  t = 0 and an  

( a ,  T )  and p + l + ( a , ~ ) ,  + I- 

L e t  g ( u , v ; u ' , v ' ; T )  
9 

+ upward c r o s s i n g  i n  an i n t e r v a l  dr a t  t = T 1s Nadt p ( a s  t ) d T .  

But t h i s  I s  a l s o  g i v e n  by t h e  p r o b a b i l i t y  tha t  a < x ( O ) < a + l x ( O ) ) d t  

w i t h  x(O)<O and t h a t  a - l x ( r ) l d T < x ( ? ) < a  w i t h  x ( T ) > O ,  Thus 

+ I -  

a 

C a r r y i n g  o u t  t h e  i n n e r  two i n t e g r a t i o n s ,  

S i m i l a r l y  , 
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F o r  large T t h e  v a l u e s  o f  x( T )  and x( T )  become Independent  . 
of x ( 0 )  and x ( O ) ,  and g ( a a v ;  , V ' ; T )  approaches  g X k ( a ,  v )  B x k ( a , v O *  

The double  i n t e g r a l s  i n  ( 1 4 )  and ( 1 5 )  approach  ( N + ) 2  and thus a 

l i m  p + l _ ( a ,  1 )  = l i m  p ( a a  = N +  
T+al  +I+ a T +* 

S i n c e  p ( a ,  T )  and p ( a a  7 )  remain f i n i t e  as T+- t h e i r  

Lap lace  t r a n s f o r m s  have s i n g u l a r i t i e s  o f  t h e  form N a / s .  

conven ien t  t o  remove t h i s  s i n g u l a r i t y  by d e f i n i n g  

+ +I- +I+ 
It i s  

Thus e q u a t i o n  (11) f o r  t h e  Laplace t r a n s f o r m  o f  t h e  r e c u r r e n c e  

d e n s i t y  becomes, upon m u l t i p l y i n g  numera tor  and denominator  by s a  

The mean r e c u r r e n c e  time 7 ( t h a t  i s ,  t h e  ave rage  time between 

s u c c e s s i v e  downward and upward c r o s s i n g s  o f  x - a )  i s  

Computing the  d e r i v a t i v e  of t h e  k a n s f o r m  from ( 1 8 )  y i e l d s  
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o r  

Higher moments of  t h e  r e c u r r e n c e  time are re la ted t o  moments 

of  t h e  f i r s t - o c c u r r e n c e  t ime by  ( 6 )  and may be  c a l c u l a t e d  from 

A g e n e r a l  e x p r e s s i o n  f o r  t h e  nth moment, v a l i d  f o r  any n ,  seems 

d i f f i c u l t  t o  o b t a i n .  

and a f t e r  some a l g e b r a i c  man ipu la t ions  r e s u l t s  f o r  ~2 and T 3  are 

However, p a r t i c u l a r  moments may be found - - 



The i n t e g r a l  1" p r ( a ,  T ) d T  = f r ( a ,  0 )  s h o u l d  y i e l d  u n i t y .  0 
It  i s  r e a d i l y  v e r i f i e d  from (18)  t h a t  f r ( a ,  0 )  = 1, and t h u s  t h e  

renewal  p r o c e s s  approximation g i v e s  a r e s u l t  f o r  p ( a ,  7 )  which 

s a t i s f i e s  t h i s  b a s i c  r e s t r i c t i o n  on a p r o b a b i l i t y  d e n s i t y .  I t  

is perhaps  s u r p r i s i n g  t h a t  t h e  renewal  p r o c e s s  approx ima t ion  a l s o  

g i v e s  t h e  c o r r e c t  mean r ecu r rence  time; t h i s  r e s u l t  i s  proved  

i n  t he  Appendix. 

r 

The r enewa l  p r o c e s s  approximat ion  w i l l  be a p p l i e d  i n  a l a t e r  

s e c t i o n  t o  p r o v i d e  numer ica l  examples o f  t h e  f i r s t - o c c u r r e n c e  

d e n s i t y  f o r  some s p e c i a l  cases  o f  Gauss ian  p r o c e s s e s .  Summarizing 

b r i e f l y ,  t h e  method o f  c a l c u l a t i o n  i s  f i rs t  t o  compute p ( a ,  t )  

and p ( a ,  t )  from the j o i n t  p r o b a b i l i t y  d e n s i t i e s  of  x ( t )  and 

x ( t )  as i n  ( 1 4 )  and ( 1 5 ) .  Then the  mean r e c u r r e n c e  t i m e  i s  

computed from (201, and t h e  r e c u r r e n c e  d e n s i t y  p ( a ,  T) from t h e  

r enewa l  I n t e g r a l  e q u a t i o n  (12). The firs t -occur rence  d e n s i t y  

p o ( a ,  t ) ,  n e c e s s a r y  f o r  t h e  computa t ion  of t h e  p r o b a b i l i t y  of 

f a i l u r e  g i v e n  i n  (l), is determined from ( 5 )  i n  terms o f  T and 

P r ( a ,  T I *  

+ I -  
+ I +  

r 



L i m i t i n g  F i rs t -Occurrence  Den- 
_. 

S i n c e  i n  a p p l i c a t i o n s  one i s  g e n e r a l l y  concerned  w i t h  t h e  

s t a t i s t i c a l l y  rare c r o s s i n g s  o f  a h i g h  l e v e l  a ,  i t  i s  of cons ide-  

r ab le  I n t e r e s t  t o  I n v e s t i g a t e  t h e  l i m i t i n g  form o f  t h e  f i r s t -  

Occurrence d e n s i t g  as a approaches i n f i n i t y .  Some s i m p l e  arRuments,  

t o  be  g i v e n  below,  s u g g e s t  an e x p o n e n t i a l d i s t r i b u t i o n  of  f i r s t -  

o c c u r r e n c e  times. However, a r i g o r o u s  p roof  has n o t  been o b t a i n e d  
I 

and some of  t he  d i f f i c u l t i e s  encoun te red  i n  t h i s  connec t ion  are 

p o i n t e d  o u t  , 

R e s u l t s  f o r  t h e  l i m i t i n g  d i s t r i b u t i o n  w i l l  be d e r i v e d  i n  a 

form v a l i d  f o r  b o t h  s t a t i o n a r y  and some n o n s t a t i o n a r y  random pro- 

c e s s e s ,  I t  w i l l  b e  convenient  f i rs t  t o  r e d e f i n e  t h e  f i r s t - o c c u r -  

r e n c e  time d e n s i t v  s o  t h a t  p o ( a ,  t ) d t  i s  t h e  p r o b a b i l i t y  t h a t  t h e  

f i rs t  upward c r o s s i n g  o f  x = a occur s  i n  t h e  t i m e  i n t e r v a l  ( t , t + d t ) ,  

T h i s  d i f f e r s  from t h e  p rev ious  d e f i n i t i o n  i n  t h a t  i t  is no l o n g e r  

g iven  t h a t  x ( O ) < a  ; t h e  d i f f e r e n c e  i s  un impor t an t  s i n c e  f o r  l a r g e  

a there  is a n e g l i g i b l e  p r o b a b i l i t y  t h a t  x ( O ) > u .  The p r o b a b i l i t y  

o f  t h e  f i rs t  upward c r o s s i n g  of x = a i n  ( t ,  t + d t )  I s  t h e  p r o d u c t  

o f  t h e  p r o b a b i l i t y  o f  an upward c r o s s i n g  i n  ( t ,  t + d t )  g iven  no 

p r i o r  upward c r o s s i n g  i n  (0 ,  t )  and t h e  p r o b a b i l i t y  o f  no p r i o r  

upward c r o s s i n g ,  Thus  

where v[a,  t ( ( 0 ,  t ) ] d t  I s  t h e  . p r o b a b i l i t y  o f  a n  upward c r o s s i n g  



i n  ( t #  t + d t )  g iven  no p r i o r  upward c r o s s i n g  i n  (0,  t ) .  

( 2 4 )  f o r  t h e  f i r s t - o c c u r r e n c e  d e n s i t y ,  

S o l v i n g  

The d e f i n i t i o n  of u[a, tl ( 0 , t ) J  s u g g e s t s  t h a t ,  f o r  large a ,  

u[a, t l ( 0 ,  t ) ]  approaches  N : ( t ) .  

i s  small. 

u[a ,  t l ( O #  t ) ]  = N a ( t )  ( w i t h  an e q u a l i t y  h o l d i n g  as t + O )  s i n c e  

t h e  p r o b a b i l i t y  of a c r o s s i n g  in (0 ,  t )  p r i o r  t o  t h e  c r o s s i n g  

a t  t i s  c o r r e s p o n d i n g l y  small, When t is n o t  small ,  t h e  same 

approx ima t ion  is s u g g e s t e d  f o r  large v a l u e s  o f  a ,  s i n c e  t h e  c r o s =  

s i n g s  o f  x = a w i l l  t h e n  be s t a t i s t i c a l l y  rare e v e n t s  and p r i o r  

Cons ide r  f i rs t  the  case when t 

Here one h a s ,  regardless o f  the  v a l u e  o f  a ,  

+ 

c r o s s i n g s  may b e  e x p e c t e d  t o  have a n e g l i g i b l e  i n f l u e n c e  on t h e  

p r o b a b i l i t y  of a c r o s s i n g  in ( t ,  W d t ) ,  

u [ a ,  t l ( 0 ,  t ) ]  = N:(t) ,  and ( 2 5 )  y i e l d s  f o r  t h e  l i m i t i n g  first- 

o c c u r r e n c e  time d e n s i t y  

Thus, f o r  large a ,  

+ + For  s t a t i o n a r y  p r o c e s s e s  N a ( t )  = Na, a c o n s t a n t ,  and ( 2 6 )  

becomes 

The c o r r e s p o n d i n g  r ecu r rence  ttme d e n s i t y  may be  found d i r e c t l y  



from ( 5 ) .  Not ing  t h a t  t h e  

l / N t  f o r  large a ,  one has 
a 

mean r e c u r r e n c e  time , T, approaches  

( 2 8 )  

Another  way o f  v iewing  ( 2 6 )  is as f o l l o w s ,  Due t o  t h e  very  

large ave rage  time i n t e r v a l  be tween e x c u r s i o n s  above x = a and 

t h e  compara t ive ly  s h o r t  d u r a t i o n  o f  t h e  e x c u r s i o n s ,  one may view 

t h e  e x c u r s i o n s  above x = a as a random p r o c e s s  o f  p o i n t  e v e n t s  i n  

t i m e  o c c u r i n g  independen t ly  a t  a mean ra te  N ( e ) ,  It i s  w e l l  

known [7] t h a t  such  a p rocess  leads t o  an e x p o n e n t i a l  d i s t r i b u t i o n  

i d e n t i c a l  t o  ( 2 6 )  f o r  t h e  w a i t i n g  t i m e  b e f o r e  o c c u r r e n c e  o f  an  

e v e n t  o r ,  i n  p r e s e n t  te rminology,  t h e  f i r s t - o c c u r r e n c e  t i m e ,  

+ I  
Cl  

The approximate  f i r s t - o c c u r r e n c e  time d e n s i t y  f o r  large a 

g i v e n  by ( 2 6 )  r e q u i r e s  only  a knowledge o f  N + ( t )  which i s  r e a d i l y  

computed from ( 7 )  once t h e  second-order  j o i n t  p r o b a b i l i t y  d e n s i t y  

gx2(u ,  v; t )  o f  x ( t )  and x ( t )  i s  known, Th i s  r e s u l t s  i n  a cons i -  

derable s i m p l i f i c a t i o n  when compared t o  t h e  renewal  p r o c e s s  approx- 

i m a t i o n  of t he  l a s t  s e c t i o n  o r  when compared t o  a p r o c e d u r e  based 

a 

on r e t a i n i n g  o n l y ,  s a y ,  t h e  f i r s t  two terms i n  t h e  i n c l u s i o n - e x c l u -  

s i o n  series, Both o f  t h e  l a t t e r  approximat ions  r e q u i r e  a knowledge 

of t h e  f o u r t h - o r d e r  j o i n t  d e n s i t y  o f  x ( t l  ), x ( t l  ) and  x ( t ,  ), x ( t , ) .  

Asi t ie  from computa t iona l  d i f f i c u l t i e s  which may a r i se  e v e n  i f  t h i s  

d e n s i t y  i s  known, the  i n f o r m a t i o n  a v a i l a b l e  on a p a r t i c u l a r  s t o -  

c h a s t i c  p r o c e s s  may n o t  be s u f f i c i e n t  t o  de t e rmine  t h e  f o u r t h - o r d e r  
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d e n s i t y ,  

t h e  second-order  d e n s i t y  requires on ly  a knowledge o f  the mean of 

For '  example,  i n  t h e  c a s e  o f  s t a t i o n a r y  Gaussian p r o c e s s e s ,  

* 
x and v a r i a n c e  of x and x ;  t h e  f o u r t h - o r d e r  d e n s i t y  r e q u i r e s  i n  

a d d i t i o n  t h a t  t h e  c o r r e l a t i o n  f u n c t i o n  o f  t h e  p r o c e s s  and i t s  

f irst  two d e r i v a t i v e s  b e  known f o r  a l l  time, Fur thermore ,  t h e  

second-order  d e n s i t y  gx9(u, v) may be  found [ 8 ]  as the  s t a t i o n a r y  

s o l u t i o n  t o  t h e  F a k e r - P l a n c k  e q u a t i o n  f o r  a g e n e r a l  c l a s s  of non- 

l i n e a r  dynamica l  sys tems s u b j e c t e d  t o  w h i t e  e x c i t a t i o n ,  l e a d i n g  as 

i n  191 t o  e x p r e s s i o n s  f o r  N', i n  terms o f  t h e  s y s t e m  p o t e n t i a l  

energy  a t  t h e  l e v e l  x = a, Corresponding  r e s u l t s  are unknown f o r  

t h e  f o u r t h - o r d e r  d e n s i t i e s  of such  s y s t e m s ,  

Equa t ions  i n  some r e s p e c t s  similar t o  ( 2 7 )  and ( 2 8 )  are g i v e n  

i n  [ l o ]  where, i n  t h e  p r e s e n t  n o t a t i o n ,  t h e  r e l a t i o n  p r ( a ,  t )  = 

2Na e 

2 N a  e 
is r e a d i l y  s e e n  by n o t i n g  tha t  i t  g i v e s  a mean r e c u r r e n c e  t i m e  
v + 
T = 1/2Na i n s t e a d  of t h e  c o r r e c t  1 / N t  f o r  large a, 

[ll] is s i m i l a r l y  i n a p p r o p r i a t e  s i n c e  it y i e l d s  p o ( a ,  0 )  = 2N,. 

But from ( 5 )  i t  i s  c lear  t h a t  p o ( a ,  0) = l/T which approaches  N i  

f o r  l a rge  a ,  

+ 
i s  o b t a i n e d  and i n  [ll] where the  r e l a t i o n  p o ( a ,  t )  = 

i s  o b t a i n e d ,  That t he  r e s u l t  o f  [ l o ]  i s  i n a p p r o p r i a t e  

+ -2Nat  

+ 
t -2Nat 

The r e s u l t  of 
+ 

D e f i n i n g  f a i l u r e  as t h e  f i r s t  exceedance  of x = a ,  t h e  proba-  

b i l i t y  P f ( a ,  T) of  f a i l u r e  I n  tjme T is from (l), a f t e r  u s i n g  ( 2 6 )  

f o r  p o b ,  t), 
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Reference  [ 1 2 ]  g i v e s  methods f o r  d e t e r m i n i n g  uppe r  and lower 

bounds on the  f a i l u r e  p r o b a b i l i t y  P f ( a ,  T )  f o r  p r o c e s s e s  s t a r t i n g  

a t  x ( 0 )  = 0, G e n e r a l i z i n g  t h e  r e s u l t s  o f  [12] t o  accoun t  f o r  

p r o c e s s e s  which do n o t  n e c e s s a r i l y  s t a r t  a t  z e r o ,  one o b t a i n s  

an uppe r  bound by n o t i n g  t h a t  t h e  p r o b a b i l i t y  o f  f a i l u r e  i n  d t  Is 

s i n c e  t h e  p r o b a b i l i t y  t h a t  x ( t ) < a  f o r  a l l  p o i n t s  of ( 0 ,  T) i s  less  

t h a n  the  p r o b a b i l i t y  t h a t  x ( t ) < a  f o r  any one p o i n t  of ( 0 ,  TI. 

I n t e g r a t i n g  s u b j e c t  t o  t h e  i n i t i a l  c o n d i t i o n  P f ( a ,  0 )  = c a ,  

- X  Comparing w i t h  ( 2 9 )  and n o t i n g  t h a t  1-e 

i t  i s  s e e n  t h a t  t h e  f i rs t  occurrence  d e n s i t y  approximat ion  o f  

( 2 6 )  y i e l d s  th rough  ( 2 9 )  a f a i l u r e  p r o b a b i l i t y  a lways  below t h e  

u p p e r  bound o f  (31 ) .  A lower bound t o  t h e  f a i l u r e  p r o b a b i l i t y  is 

found by w r i t i n g  

<x f o r  any p o s i t i v e  x, 
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m ax 
P f ( Q ,  T )  = Prob/o, t ,T 

T)J > Prob \ x ( t ) > a  f o r  any t i n  (0, 

Here E a ( t )  i s  t h e  p r o b a b i l i t y  t h a t  x ( t ) > a ,  

p r o c e s s  c a ( t )  = s a ( 0 )  = f o r  a l l  t ,  and t h u s  t h e  e x p r e s s i o n  

f o r  P f ( a ,  T) g i v e n  by e q u a t i o n  ( 2 9 )  i s  always above t h e  lower  

bound of ( 3 2 ) .  There i s  no obvious  r e a s o n  t h a t  t h i s  e x p r e s s i o n  

s h o u l d  s a t i s fy  t h e  bound of (32 )  i n  t h e  g e n e r a l  c a s e  of non- 

s t a t i o n a r y  p r o c e s s e s  , and a p p a r e n t l y  each  c a s e  must be  checked 

s e p a r a t e l y ,  

Fo r  a s t a t i o n a r y  

I n  s p i t e  o f  t h e  p l a u s i b i l i t y  of t h e  r e s u l t ,  a c o n v i n c i n g  

p r o o f  t h a t  p o ( a ,  t) t e n d s  t o  t h e  e x p o n e n t i a l  d i s t r i b u t i o n  of ( 2 6 )  

f o r  large a has n o t  been o b t a i n e d ,  S u f f i c i e n t  c o n d i t i o n s  unde r  

which (26-28) r e s u l t  from both t h e  d e n s i t i e s  as g i v e n  by t h e  r enewa l  

p r o c e s s  approx ima t ion  of  t h e  las t  s e c t i o n  and as g i v e n  by e x a c t  

I n c l u s i o n - e x c l u s i o n  series are d i s c u s s e d  i n  [13]. E s s e n t i a l l y  , t h e  

t y p e  of c o n d i t i o n s  r e q u i r e d  are i n  t h e  s t a t i o n a r y  case 

The d i f f i c u l t y  i n  v e r i f y i n g  these e x p r e s s i o n s  i s  due t o  t h e  
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ext reme complexi ty  (as may be n o t e d  from e x p r e s s i o n s  of t h e  n e x t  

s e c t i o n )  o f  t h e  f u n c t i o n s  p + ( _ ( a ,  t ) ,  P + + l - ( a ,  t l ,  t2), , . a  

The meaning of  e q u a t i o n s  (33 )  is made c lear  by d i s c u s s i n g  t h e  

f irst .  

number of upward c r o s s i n g s  Of  x 

of x - a a t  t = 0 ,  and N d t  i s  t h e  u n c o n d i t i o n a l  expec ted  

number of  upward c r o s s i n g s  o f  x = a i n  (0, TI, Equa t ion  (33-1) 

t h e n  r e q u i r e s  t h a t ,  as a+O, t h e  d i f f e r e n c e  between t h e  c o n d i t i o n a l  

and u n c o n d i t i o n a l  e x p e c t e d  numbers o f  upward c r o s s i n p  i n  ( 0 ,  

approaches  z e r o ,  There i s  l i t t l e  d i f f i c u l t y  i n  j u s t i f y i n g  

T 
The i n t e g r a l  Iop+l,(a, t ) d t  i s  t h e  c o n d i t i o n a l  e x p e c t e d  

a i n  (0 ,  Tlg iven  a downward c r o s s i n g  
I T +  

a a  

p + l - ( a ,  t ) + O  and N d + O  as a-*-a F u r t h e r ,  from (161,  p t l _ ( a , t ) + N a  + 
as t+= as i s  r e q u i r e d  f o r  t h e  i n t e g r a l  t o  e x i s t ,  Thus,  if t h e  

i n t e g r a l  converges uniformly [14] s o  tha t  t h e  l i m i t  on a may be 

t a k e n  i n s i d e  t h e  i n t e g r a l  s i g n ,  (33-1) i s  s a t i s f i e d ,  Uniform 

t )  - Nt]dt (which r e p r e s e n t s  convergence i s  a s s u r e d  if j;cp+ I-(  a ,  

t h e  d i f f e r e n c e  between the c o n d i t i o n a l  and u n c o n d i t i o n a l  expected 
a 

numbers o f  upward c r o s s i n g s  i n  ( T ,  = ) >  can b e  made a r b i t r a r i l y  small 

by choosing,  i n d e p e n d e n t l y  of a, a c o r r e s p o n d i n g l y  large T. Essen- 

t i a l l y ,  t h e n ,  i t  i s  r e q u i r e d  t h a t  t h e  dependence of p ( a ,  t )  

on i t s  c o n d i t i o n i n g  at  t = 0 d i e s  o u t  s u f f i c i e n t l y  f a s t  i n  time 

f o r  a l l  a, One e x p e c t s  t h e  c o n d i t i o n i n g  i n f l u e n c e  t o  dominate 

P + ~ - (  a, t )  only  f o r  times comparable t o  some c h a r a c t e r i s t i c s  of t h e  

p r o c e s s ,  such  as 1 / 2 N , ,  t h e  mean t i m e  between c r o s s i n g s  o f  x = 0 ,  

s o  t h a t  t h e  t i m e  of c o n d i t i o n i n g  i n f l u e n c e  is n e g l i g i b l e  i n  compa- 

rison t o  times of t h e  o r d e r  o f  t h e  mean r e c u r r e n c e  t i m e ,  l / N a ,  for 

+ 1- 

+ 

t 

large a. 
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2 p l j . c a t i o n  t o  S t a t i o n a r y  Gaussian P r o c e s s e s  

Formulae r e q u i r e d  f o r  the  d e t e r m i n a t i o n  o f  t h e  f i r s t - o c c u r -  

r e n c e  and f i r s t - r e c u r r e n c e  time d e n s i t i e s  are g i v e n  i n  t h i s  

s e c t i o n  f o r  t h e  t e c h n i c a l l y  i m p o r t a n t  case of s t a t i o n a r y  Gauss ian  

p r o c e s s e s ,  
t i n g  d i s t r i b u t i o n s  f o r  l a r g e  a of ( 2 7 )  and (28), and f o r  p + ~  ( a , t )  

E x p r e s s i o n s  are g i v e n  f o r  N a  + as r e q u i r e d  i n  t h e  limi- 

- 
and p + l + ( a @  t ) ,  d e f i n e d  r e s p e c t i v e l y  by ( 1 4 )  and (15), as r e q u i r e d  

i n  t h e  r enewa l  p r o c e s s  approximat ion ,  Numerical  examples are 

g i v e n  f o r  p r o c e s s e s  w i t h  i d e a l i z e d  spec t ra ,  

+ From [I], for a Gaussian p r o c e s s ,  Na as d e f i n e d  by ( 7 )  is 

where R ( T )  - E C x ( t ) x ( t + r ) l  i s  t h e  c o r r e l a t i o n  f u n c t i o n  of t h e  

p r o c e s s ,  The f o u r t h - o r d e r  J o i n t  d e n s i t y  f u n c t i o n  g ( u , v ; u '  , v t  ;T) 

Of ~ ( 0 1 ,  x ( O ) ,  x ( T ) ,  and X ( T )  is  r e q u i r e d  i n  t h e  d e t e r m i n a t i o n  o f  

P + I _ ( ~ ,  1) and p + l + ( a ,  1). 

0 , 

I n  t h e  Gauss ian  case t h i s  is [15] 

(35) -s  1 2 uv-s 2 3 vu ' -s 3 4 u v ' -9 1 4 uv ' - s  1 3 uu ' -s 2 4 vv j 

where s i s  t h e  e lement  of t h e  lth row and J t h  column of  t he  
13 

i n v e r s e  o f  m a t r i x  [MI and where IMlis t h e  d e t e r m i n a n t  o f  m a t r i x  
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[MI, t he  m a t r i x  [MI b e i n g  de f ined  as 
I 

CMI = l o  OR" (0) -R' ( T )  -R" ( T )  

- R ' ( T )  R ( 0 )  0 

-R"( T )  .O - R " ( O )  

The c o n s i d e r a b l e  amount of a l g e b r a  r e q u i r e d  t o  e x p r e s s  (35) i n  

terms o f  t h e  c o r r e l a t i o n  funcc lon  R (  T) and i t s ,  f i rs t  two de r iva -  

t i v e s  is  o m i t t e q  h e r e ,  A f t e r  making the change o f  v a r i a b l e s  

8 2 2  8 4 4  5 2 2  s 4 4  

2 2 2 2 
x = - v  - , y - v'  - In ( 1 4 )  and x = v - , y = v '  - 
i n  (15) one o b t a i n s  

( a ,  i)=AeoBa2 xy e - ( x '- 2 cxy +y ) + 2 D a  ( y- x 'dxdy , (38) P q +  0 0  

Here.A, B, C ,  and D are f u n c t i o n s  o f  T e x p r e s s i b l e  i n  terms o f  

t he  c o r r e l a t i o n  f u n c t i o n  R ( T )  = R T  and i t s  d e r i v a t i v e s  by 
.L 
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where 

The doub le  i n t e g r a l s  i n  (37)  and ( 3 8 )  cannot  be e v a l u a t e d  I n  

c l o s e d  form, b u t  by changing t o  p y l a r  c o o r d i n a t e s  both  can be 

r educed  t o  s i n g l e  f i n i t e  integrals,  Pe r fo rming  t h e  change o f  

v a r i a b l e s  x a r cos  8, y = r s i n  9 ,  ( 3 7 )  becomes 

1 ' eBa 2 n / 2  

2 0 0  

-r2(l+c sin 20)+2Dar(sin 9+cos e )  
P + l _ ( a , ~ ) = - A e  \ l s r 3 s i n  28  e drde 

C a r r y i n g  o u t  t he  i n t e g r a t i o n  i n  r ,  

where 
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The e q u a t i o n  f o r  p, I+( a, T )  i s  i d e n t i c a l  t o  ( 4 2 )  e x c e p t  t h a t  c 

is replaced by -c and z 1  i s  r e p l a c e d  by z 2  where 

Not ing  t h e  symmetry of zl about  8 = n/4  and t h e  a n t i -  

symmetry of 2 2  about  8 = n/4, t h e  e q u a t i o n s  f o r  p ( a ,  T )  and 

p, ~ + ( a ,  T )  become 

+ I- 

P + I + ( ~ ,  T ) =  - 1 Ae p 4  s i n  28 - B a 2  

2 0 (1-c s i n  ~ C J ) ~  

The above i n t e g r a l s  are expressed i n  a form conven ien t  f o r  nume- 

r i c a l  e v a l u a t i o n .  



l -  

R e s u l t s  of numer i ca l  c a l c u l a t i o n s  o f  t h e  f i r s t - o c c u r e n c e  

time d e n s i t y  p o ( a ,  t )  are given below f o r  some s t a t i o n a r y  Gauss ian  

p r o c e s s e s  w i t h  i d e a l i z e d  power s p e c t r a l  d e n s i t i e s  . The s p e c t r a  

c o n s i d e r e d  are c o n s t a n t  over a c e r t a i n  f requency  range  and z e r o  

f o r  a l l  o t h e r  f r e q u e n c i e s ,  hav ing  t h e  mathematical r e p r e s e n t a t i o n  

o t h e r w i s e ,  L o  
where B w c  i s  a lower  cut-off  f r equency ,  

f r e q u e n c y ,  and u2 i s  the  v a r i a n c e  of x ( t ) .  The c o r r e l a t i o n  

f u n c t i o n  f o r  the  p r o c e s s  x ( t )  i s  [l] 

i s  an upper  c u t - o f f  
C 

I n  p e r f o r m i n g  numer i ca l  c a l c u l a t i o n s  i t  i s  convenient  t o  

s u p p r e s s  e x p l i c i t  dependence o f  t he  r e s u l t s  on the  v a r i a n c e  u 2  

and c u t - o f f  f requency  w c .  To t h i s  end  t h e  d imens ion le s s  times 

v = 0 t and $ = w C i  are i n t r o d u c e d ,  and t h e  no rma l i zed  dimension- 

less p r o c e s s  y ( $ )  = x ( t ) / u  i s  cons ide red .  The c o r r e l a t i o n  f u n c t i o n  

R y ( $ )  o f  t h e  p r o c e s s  y ( $ )  i s  

C 



S u b s t i t u t i n g  from e q u a t i o n  ( 4 8 )  f o r  R( T) , 

C a l c u l a t i o n s  are made of t h e  f i r s t - o c c u r r e n c e  time d e n s i t y  

p o ( a / u ,  $1, where p o ( a / a ,  & I d $  i s  t h e  p r o b a b i l i t y ,  g i v e n  y ( O ) < a / o ,  

t h a t  t h e  no rma l i zed  p r o c e s s  y ( v )  first c r o s s e s  t h e  l e v e l  y = a / u  

i n  t h e  d i m e n s i o n l e s s  t i m e  i n t e r v a l  ( J I ,  Ha$) ,  C l e a r l y  t h i s  is 

a l s o  t h e  p r o b a b i l i t y ,  g i v e n  x ( O ) < a ,  t h a t  x ( t )  f i rs t  c r o s s e s  t h e  

l e v e l  x - a when act  i s  i n  the  i n t e r v a l  ($, $'td$). 

Equa t ion  (27 )  g i v e s  an approximat ion  t o  t h e  f i r s t - o c c u r r e n c e  

d e n s i t y  f o r  t h e  s t a t i s t i c a l l y  rare c r o s s i n g s  o f  h i g h  l e v e l s  i n  

terms of t h e  e x p e c t e d  number of upward c r o s s i n g s  o f  t h e  l e v e l  p e r  

u n i t  t ime, Using e q u a t i o n  (341,  t h e  e x p e c t e d  number o f  upward 

c r o s s i n g s  o f  y - a/a p e r  u n i t  d imens ion le s s  t i m e  ( t h a t  i s  t h e  

e x p e c t e d  number o f  upward crossings of x = a p e r  u n i t  o f  a c t )  

becomes 
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s t n c e  R ( 0 )  = 1 and R " ( 0 )  = - ( 1 - f i 3 ) / 3 ( 1 - 6 ) ,  Thus e q u a t i o n  (27) 

f o r  the  f i r s t - o c c u r P e n c e  t ime d e n s i t y  f o r  large a )  namely 
Y Y 

1 exp ( -  - 1 
2 7  2 

Numerical  resu l t s  were o b t a i n e d  from t h e  r enewa l  p r o c e s s  

approximat ion  f o r  v a l u e s  o f  a e q u a l  t o  u B  2a, and 30 f o r  each  of 

two random p r o c e s s e s ,  one process h a v i n g  an i d e a l  wide band spec t rum 

w i t h  B = 0 and the  o t h e r  p r o c e s s  h a v i n g  an i d e a l  narrow band 

spec t rum w i t h  6 = 1/2. The c a l c u l a t i o n  i s  s t a r t ed  by f i n d i n g  t h e  

f u n c t i o n s  p _(a /a ,  $1 and p ( a / a ,  $1 d e f i n e d  f o r  Gauss ian  

p r o c e s s e s  by ( 4 5 )  and (46 ) ,  f o r  $ = w c t  = 0,.25B050,.75,.o,B50000. 

The v a l u e  JI = 50 i s  approximately t e n  times t h e  ave rage  d i s t a n c e  

between z e r o  c r o s s i n g s .  The i n t e g r a t i o n s  from 0 t o  n/4 on e 

r e q u i r e d  i n  (45) and (46) were c a r r i e d  o u t  by computing t h e  i n t e g r a n d  

+ I  + I+ 

f o r  e = 0 ,  n/64, 8 / 3 2 )  ,,,, 3 / 4  and summing, Once D + l - ( a / o ,  *) 

and  p+ I + ( a / o ,  $) are de termined ,  t h e  f i r s t - r e c u r r e n c e  time d e n s i t y  

p r ( a / u ,  $) i s  found from t h e  renewal  i n t e g r a l  e q u a t i o n  ( 1 2 ) ,  which 

was o b t a i n e d  by making t h e  renewal  p r o c e s s  approx ima t ion  i n  t h e  

e x a c t  i n c l u s i o n - e x c l u s i o n  e x p r e s s i o n  f o r  t h e  r e c u r r e n c e  d e n s i t y  

I n  terms of t h e  p r e s e n t  d imens ionless  n o t a t i o n ,  (12) becomes 
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The e q u a t i o n  was s o l v e d  f o r  JI = 0,m25,,5OB r r . , 1 2 5 . 0 0  by repla-  

c i n g  t h e  i n t e g r a l  by a summation, 

p r ( a / a ,  $ )  depends only  on t h e  known f u n c t i o n s  p 

C l e a r l y ,  t h e  s o l u t i o n  f o r  

+ I +  and p + I- 
and the  pas t  v a l u e s  of p r j  

o b t a i n e d  r e c u r s i v e l y ,  The l i m i t i n g  v a l u e  Nt was used f o r  p 

when $ was greater  t h a n  50,  The mean r e c u r r e n c e  t i m e  is and p 

o b t a i n e d  from ( 2 0 )  , an e x p r e s s i o n  which,  a l though  d e r i v e d  th rough  

the  r enewa l  p r o c e s s  approximat ion ,  y i e l d s  t he  e x a c t  v a l u e  o f  t h e  

mean r e c u r r e n c e  t ime, as shown i n  t h e  Appendix. I n  terms o f  

t h e  p r e s e n t  n o t a t i o n  t h e  mean d i m e n s i o n l e s s  r e c u r r e n c e  time T i s  

t h u s  t h e  s o l u t i o n  of ( 5 3 )  i s  r e a d i l y  

a/a + I- 
+ I+ 

The i n t e g r a t i o n  was c a r r i e d  o u t  n u m e r i c a l l y  by  r e p l a c i n g  

t h e  i n f i n i t e  i n t e g r a l  by a summation i n  $ from 0 t o  50 ,  a t  i n t e r -  

v a l s  o f  .25, F i n a l l y ,  e q u a t i o n  ( 5 )  y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n  

f o r  t h e  f i r s t - o c c u r r e n c e  time d e n s i t y  i n  terms o f  t h e  f i r s t - r e c u r -  

r e n c e  time d e n s i t y  

Again t h e  i n t e g r a t i o n  was r e p l a c e d  by a summation g i v i n g  t h e  

f i r s t - o c c u r r e n c e  d e n s i t y  f o r  $ =t w c t  0 , , 2 5 , , 5 0 , ,  m r,125mO0. 



R e s u l t s  o f  t h e  computat ions are shown by t h e  s o l i d  l i n e s  

i n  f i g u r e s  2 ,  3 ,  and 4 f o r  t h e  wide band spec t rum ( 6  = 0 )  w i t h  

a = 0, 2 0 ,  and 3 a  r e s p e c t i v e l y .  The dashed l i n e s  are p l o t s  of 

t h e  l i m i t i n g  e x p o n e n t i a l  d i s t r i b u t i o n  f o r  t he  f i r s t - o c c u r r e n c e  

d e n s i t y  as g i v e n  by (521, 

agreement between t h e  renewal  p r o c e s s  approximat ion  ( s o l i d  l i n e s  ) 

It is s e e n (  t h a t ,  as a i n c r e a s e s ,  t h e  

and t h e  e x p o n e n t i a l  d i s t r i b u t i o n  (dashed  l i n e s )  becomes i n c r e a s i n g l y  

good, When a = 2a t h e  d i f f e r e n c e  between t h e  two c u r v e s  as shown 

i n  f i g u r e  3 i s  less t h a n  7% f o r  small v a l u e s  of  J, = wet, and f o r  

larger v a l u e s  of J, t h e  d i f f e r e n c e  becomes n e g l i g i b l e .  When a = 3a 

as shown i n  f i g u r e  4 t h e  d i f f e r e n c e  i s  comple te ly  n e g l i g i b l e ,  

h a v i n g  a v a l u e  o f  less t h a n  4%. 

/ 

/ 
1 
2 

The r e s u l t s  v e r i f y  t h e  v a l i d i t y  o f  t h e  e x p o n e n t i a l  d i s t r i b u -  

t i o n  for large a i n  t h e  case of p r o c e s s e s  w i t h  wide s p e c t r a ,  and 

show a very  r a p i d  approach t o  t h e  l i m i t i n g  d i s t r i b u t i o n  as a is 

i n c r e a s e d ,  A similar v e r i f i c a t i o n  i s  o b t a i n e d  i n  t h e  case o f  

p r o c e s s e s  w i t h  narrow s p e c t r a ,  b u t  here  t h e  approach t o  t h e  l i m i -  

t i n g  d i s t r i b u t i o n  i s  cons ide rab ly  slower,  

Figures 5 ,  6 ,  and 7 c o n t a i n  r e s u l t s  o f  t h e  computa t ions  f o r  

t h e  narrow band spec t rum (B=1/2) w i t h  a - 0 ,  2a, and 3 respec t i -  

vely. When a = 20 t h e  d i f f e r e n c e  between t h e  renewal  p r o c e s s  

approx ima t ion  and t h e  e x p o n e n t i a l  d i s t r i b u t i o n ,  as shown i n  f i e u r e  

6 ,  has a maximum o f  about  11% f o r  small v a l u e s  o f  J, and t h e  
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d i f f e r e n c e  pe r s i s t s ,  i n  c o n t r a s t  t o  t h e  wide band case, f o r  

l a rger  v a l u e s  o f  a ,  When a = 3a as shown i n  f i g u r e  7 t h e  d i f -  

f e r e n c e  decreases t o  a v a l u e  o f  abou t  5% which pe r s i s t s  o v e r  t h e  

e n t i r e  p o r t i o n  of the time axis shown, I t  i s  clear  t h a t  u l t i -  

m a t e l y  t h e  two c u r v e s  of  f i g u r e  7 w i l l  meet s i n c e  i t  can be 

shown t h a t  t h e  area under  each i s  e q u a l  t o  u n i t y ,  

The r e s u l t s  i n d i c a t e  a c o n s i d e r a b l e  d i f f e r e n c e  between 

p r o c e s s e s  w i t h  wide and narrow band s p e c t r a  w i t h  regard t o  t h e  

r a p i d i t y  o f  approach  t o  t h e  e x p o n e n t i a l  f i r s t - o c c u r r e n c e  t i m e  

d i s t r i b u t i o n ,  and  i n d i c a t e  t h a t  i n  s i t u a t i o n s  r e q u i r i n g  great 

accu racy  some c a u t i o n  i s  necessa ry  i n  a p p l y i n g  t h e  e x p o n e n t i a l  

d i s t r i b u t i o n  t o  narrow band p r o c e s s e s  when t h e  c r o s s i n g s  o f  t h e  

l e v e l  unde r  c o n s i d e r a t i o n  are n o t  s t a t i s t i c a l l y  rare. 

U n f o r t u n a t e l y  , the  renewal  p r o c e s s  approximat ion  seems least  

a p p r o p r i a t e  i n  t he  case o f  narrow band p r o c e s s e s  f o r  these have 

c o r r e l a t i o n  f u n c t i o n s  which  approach  z e r o  r a the r  s lowly  w i t h  time, 

i n d i c a t i n g  a h i g h  degree of dependence on p a s t  v a l u e s ,  Basic t o  

t h e  renewal  approx ima t ion  I s  t h e  assumpt ion  t h a t  t h e  p r o b a b i l i t y  

of an  upward a c r o s s i n g ,  given s e v e r a l  p a s t  upward c r o s s i n g s ,  

depends approx ima te ly  only on t h e  l as t  p r i o r  Cross ing .  C l e a r l y  , 
s u c h  an  approx ima t ion  i s  b e s t  f o r  p r o c e s s e s  w i t h  l i t t l e  memory, 

I n  f a c t ,  f o r  a l l  three c a s e s  of narrow band p r o c e s s e s  c o n s i d e r e d  

here  t h e  renewal  approximat ion  y i e l d e d  some n e g a t i v e  v a l u e s  of 

t h e  r e c u r r e n c e  t i m e  d e n s i t y  p r ( a / o ,  $) ,  T h i s  may be  i n f e r r e d  by  
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n o t i n g  t h e  e x i s t e n c e  of  r e l a t i v e  m i n i m a  i n  t he  g r a p h s  o f  

p o ( a / a ,  $11 i n  f i g u r e s  5 ,  6 ,  and 7. From ( 5 5 1 , t h e  d e r i v a t i v e  

w i t h  r e s p e c t  t o  $ o f  p o ( a / u ,  11) is p r o p o r t i o n a l  t o  - ~ ~ ( a / ~ ,  $1, 

i n d i c a t i n g  t h a t  po ( a / a ,  $ >  s h o u l d  have no  minima, The f ac t  

t h a t  t h e  c a l c u l a t e d  v a l u e s  o f  p r ( a / a ,  $1 t ook  small n e g a t i v e  

v a l u e s  o v e r  some s h o r t  t ime i n t e r v a l s  is  re f lec ted  i n  t h e  

f i g u r e s  by t he  small p o s i t i v e  s l o p e  of t h e  cu rves  a t  c e r t a i n  

i n t e r v a l s  on the time axes ,  A similar b e h a v i o r  was n o t e d  i n  

[4] i n  connec t ion  w i t h  t h e  a p p l i c a t i o n  o f  a r enewa l  p r o c e s s  

approximat ion  t o  t h e  z e r o  c r o s s i n g  problem, 



Appendix 

It was i n d i c a t e d  t h a t  t he  e x p r e s s i o n  o b t a i n e d  f o r  t h e  f i rs t -  

r e c u r r e n c e  time p r o b a b i l i t y  d e n s i t y ,  p r ( a ,  T), by t h e  renewal  

p r o c e s s  approximat ion  n o t  on ly  s a t i s f i e s  t h e  c o n d i t i o n  

I m p r  ( a ,  r ) d r  = 1, b u t  also  y i e l d s  t he  c o r r e c t  v a l u e  o f  t h e  mean 

r e c u r r e n c e  time 7, 
0 

T h i s  l a s t  p o i n t  w i l l  now be proved  as f o l l o w s .  

L e t  ? be the  average time between s u c c e s s i v e  upward and 

downward c r o s s i n g s  of x = a ( F i g ,  8). Then ? + 'it i s  t h e  ave raee  

time between s u c c e s s i v e  upward c r o s s i n g s  o f  x = a and 7 + 7' = 

Ma. + S o l v i n g  f o r  7 y i e l d s  

It w i l l  be shown t h a t  t h i s  e x p r e s s i o n  i s  i d e n t i c a l  w i t h  t h e  

e x p r e s s i o n  ( 2 0 )  o b t a i n e d  by t h e  renewal  p r o c e s s  approx ima t ion ,  

L e t  X ( T ' )  be t h e  p r o b a b i l i t y  d e n s i t y  f o r  t h e  time T '  shown 

i n  f i g u r e  8 between s u c c e s s i v e  upward and  downward c r o s s i n g s  of 

X "  a ,  and l e t  p ( a ,  t l T ' )  be  t h e  p r o b a b i l i t y  of an upward 
+ I -  

c r o s s i n g  of x = a i n  ( t ,  t + d t )  g i v e n ,  as in f i g u r e  8 ,  a downward 

c r o s s i n g  a t  t = 0 and t h a t  t h e  l a s t  upward c r o s s i n g  p r i o r  t o  

t = 0 occured  a t  t = - T I .  Then by t h e  law of c o n d i t i o n a l  probah 

b i l i t y  
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( a ,  t l r ' )  X ( T ' ) d T '  ( 5 7 )  

Cons ide r  I T p  ( a ,  t ) d t ,  which i s  t h e  e x p e c t e d  number o f  upward 
0 +I+ 

c r o s s i n g s  of x = a i n  (0, T), g i v e n  an upward c r o s s i n g  a t  t - 0 .  

R e f e r r i n g  t o  f i g u r e  9 ,  l e t  T '  be t h e '  time of t h e  f irst  downward 

c r o s s i n g  a f t e r  the  upward c r o s s i n g  a t  t - 0. If i t  i s  g iven  and 

ft<T, t h e  e x p e c t e d  number of upward c r o s s i n g s  i n  ( 0 ,  T) i s  

/ T t p + ( , ( a ,  t - T ' l T ' ) d t ;  I f  T ' >  T t h e  e x p e c t e d  number of upward 

c r o s s i n g s  i n  (0, T) is zero. Thus t h e  d i f f e r e n c e  between t h e  

c o n d i t i o n a l  expected number of upward c r o s s i n g s  o f  x a I n  

( 0 ,  T), g i v e n  a downward c r o s s i n g  a t  t = 0 ,  and t h e  c o n d i t i o n a l  

e x p e c t e d  number of upward c r o s s i n g s  of x - a i n  ( 0 ,  T ) ,  g i v e n  an 

upward c r o s s i n g  at  t - 0 ,  i s  

T 
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The f i rs t  of t h e  t h r e e  i n t e g r a l s  i n  t h e  las t  member of  

( 5 8 )  i s  i d e n t i c a l l y  z e r o  by (57). The second i n t e g r a l  w i l l  

now b e  shown t o  approach z e r o  as T approaches  i n f i n i t y ,  We 

assume t h a t ,  regardless of t he  v a l u e  of T (  shown i n  f i g u r e  8, 

t h e  ave rage  number o f  upward c r o s s i n g s  of x a a p e r  u n i t  i n  any 

i n t e r v a l  ( 0 ,  T )  f o l l o w i n g  t h e  upward c r o s s i n g  'at t - -1' and 

the  downward c r o s s i n g  a t  t = 0 shown i n  f i g u r e  8 i s  bounded by 

some number M. Thus 1 ITp+ I-(  a, t I T *  )dt<M f o r  a l l  T' , a mathe- 

matical  s t a t e m e n t  o f  the p l a u s i b l e  assumption t h a t  an arbi t ra-  

r i l y  large 7' w i l l  n o t  induce  an i n f i n i t e  number o f  c r o s s i n g s  of 

x - a i n  any f i n i t e  t i m e  i n t e r v a l .  Then 

I T o  

The l a s t  term o f  (59)  c l e a r l y  approaches  z e r o  as T approaches  

i n f i n i t y  s i n c e  ? ex i s t s ,  and t h u s  t h e  second i n t e g r a l  i n  t h e  

last member of ( 5 8 )  approaches z e r o .  Thus i n  computing t h e  Urnit 

of ( 5 8 ) ,  one needs only f i n d  the !  l i m i t  o f  t h e  t h i r d  i n t e g r a l  I n  

( 5 8 )  
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, There fo re  

+ 
( 0 ,  t l T 0  N a .  Thus e q u a t i o n s  ( 2 0 )  and ( 5 6 )  are l i m  s i n c e  t+" 

i d e n t i c a l ,  p r o v i n g  that  t h e  renewal  p r o c e s s  approx ima t ion  y i e l d s  

t h e  e x a c t  v a l u e  o f  t he  mean r e c u r r e n c e  time. 

P+ I -  
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